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1 Introduction
One of the most remarkable discoveries in soliton theory is the inverse scattering method
(ISM). It is well-known that there are two types of derivative nonlinear Schro¨dinger (DNLS)
equation whose complete integrability can be proved by the ISM. One type was proposed by
Kaup and Newell [1],
iφt + φxx − i(φψφ)x = 0,
iψt − ψxx − i(ψφψ)x = 0. (1.1)
In what follows, we call this system the Kaup-Newell equation for convenience. The other
type,
iqt + qxx − iqrqx = 0,
irt − rxx − irqrx = 0, (1.2)
was studied by Chen, Lee and Liu [2], who gave its recursion operator. We call this system
the Chen-Lee-Liu equation. There is a simple transformation of dependent variables which
cast one into the other [3, 4]. In this sense, these two types of the DNLS equation are gauge
equivalent.
The ISM provides us a powerful tool to find multi-component extensions of one-component
soliton equations [5] such as the nonlinear Schro¨dinger (NLS) equation [6, 7], the modified
KdV equation [8, 9], the Ablowitz-Ladik system [10, 11]. For the Kaup-Newell equation, it
has been known that there is a simple vector generalization [12, 13],
iqt + qxx ∓ i(|q|2q)x = 0, (1.3)
which are completely integrable. Besides the system (1.3), Fordy [13] investigated various
coupled versions of the Kaup-Newell equation by considering Hermitian symmetric spaces.
Yajima studied a generalization of coupled DNLS equations by means of a gauge transforma-
tion in [14]. Meanwhile, multi-component extensions of the Chen-Lee-Liu equation have not
been studied thoroughly from the ISM point of view.
In recent years, multi-field extensions or matrix generalizations of one-component clas-
sical integrable systems have been developed considerably by means of various approaches.
Svinolupov, Sokolov, Habibullin and Yamilov clarified close connections between soliton equa-
tions and Jordan algebras or Jordan triple systems [15, 16, 17, 18]. An excellent feature of
their theory lies in the point that their approach exhausts all integrable cases in some classes
of multi-field equations. Olver and Sokolov [19] surveyed integrable systems whose depen-
dent variables take their value in an associative algebra, e.g., matrix-valued systems. They
listed some classes of evolution equations on associative algebras which have higher-order
symmetries.
In this Letter, we introduce a novel Lax formulation to get a matrix generalization of the
Chen-Lee-Liu equation. As reductions of the matrix equation, we obtain two types of coupled
Chen-Lee-Liu equations. Through a transformation of variables, one type is cast into the
vector Kaup-Newell system (1.3). It is noteworthy that the other type is transformed into
a new type of coupled Kaup-Newell equations. The latter type of the coupled Chen-Lee-Liu
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equations is shown to be connected with the coupled NLS equations,
iuj,t + uj,xx − 2
m∑
k=1
ukvk · uj = 0,
ivj,t − vj,xx + 2
m∑
k=1
vkuk · vj = 0,
j = 1, 2, · · · , m. (1.4)
This indicates that the new coupled Chen-Lee-Liu equations and the new coupled Kaup-
Newell equations are solvable by the ISM.
The present Letter consists of the following. In section 2, we introduce a new matrix
generalization of the Lax pair for the Chen-Lee-Liu equation. Under some reductions, we
obtain two types of coupled Chen-Lee-Liu equations. In addition, a systematic method to
construct conservation laws is given. In section 3, we perform gauge transformations to the
coupled Chen-Lee-Liu equations found in the previous section. A connection between the
coupled Chen-Lee-Liu equations and the coupled NLS equations is clarified. In section 4,
we propose transformations of variables to consider generalizations of the coupled Chen-Lee-
Liu equations. With a particular choice of parameters, we obtain a new type of coupled
Kaup-Newell equations. The last section, section 5, is devoted to the concluding remarks.
2 Coupled DNLS equations
In this section, we consider a matrix generalization of the Chen-Lee-Liu equation by use
of the ISM formulation. As reductions, we derive two new integrable systems of coupled
Chen-Lee-Liu equations.
2.1 Lax formulation
Let us begin with a system of linear equations,
Ψx = UΨ, Ψt = VΨ. (2.1)
The compatibility condition Ψxt = Ψtx is satisfied if
Ut − Vx + UV − V U = O. (2.2)
We call U , V the Lax pair and (2.2) the Lax equation or the zero-curvature condition. We
choose the following form of the Lax pair,
U = iζ2
[ −I1
I2
]
+ ζ
[
Q
R
]
+ i
[
O
1
2
RQ
]
, (2.3)
V = iζ4
[ −2I1
2I2
]
+ ζ3
[
2Q
2R
]
+ iζ2
[ −QR
RQ
]
+ζ
[
iQx +
1
2
QRQ
−iRx + 12RQR
]
+ i
[
O
i
2
(RQx − RxQ) + 14RQRQ
]
.
(2.4)
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Here, ζ is the spectral parameter. I1 and I2 are respectively the p× p and the q × q identity
matrices. Q is a p × q matrix and R is a q × p matrix. Substituting (2.3) and (2.4) into
(2.2) and equating the terms with the same powers of ζ , we get a set of nonlinear evolution
equations,
iQt +Qxx − iQRQx = O, (2.5a)
iRt − Rxx − iRxQR = O. (2.5b)
Comments are in order. First, the equation obtained in the order O(ζ0 = 1) of (2.2) is
automatically satisfied because of (2.5). Thus, we have no restrictions on the sizes of Q and
R, that is, on p and q. This fact enables us to consider various multi-field extensions of the
Chen-Lee-Liu equation by choosing the forms of Q and R appropriately. Second, the trace
of U , trU , depends on dynamical variables in this formulation. Third, Olver and Sokolov
showed that the matrix equation (2.5) possess at least one higher symmetry [19], which leads
to a conjecture for the integrability of (2.5). The existence of the Lax pair gives a definite
support to the complete integrability of the model.
2.2 Coupled Chen-Lee-Liu equations (type I)
As a reduction of (2.5), we choose Q and R to be a row vector and a column vector respectively,
Q = (q1, q2, · · · , qm), R = (r1, r2, · · · , rm)T . (2.6)
Here the superscript T stands for the transposition. Then, we obtain a coupled version of the
Chen-Lee-Liu equation,
iqj,t + qj,xx − i
m∑
k=1
qkrk · qj,x = 0,
irj,t − rj,xx − i
m∑
k=1
rkqk · rj,x = 0,
j = 1, 2, · · · , m. (2.7)
In the following, we call this system the coupled Chen-Lee-Liu I equations or, simply, the
type I equations. The explicit form of the Lax matrix U is given by
U =


−iζ2 ζq1 ζq2 · · · ζqm
ζr1 iζ
2 + i1
2
r1q1 i
1
2
r1q2 · · · i12r1qm
ζr2 i
1
2
r2q1 iζ
2 + i1
2
r2q2 · · · i12r2qm
...
...
...
. . .
...
ζrm i
1
2
rmq1 i
1
2
rmq2 · · · iζ2 + i12rmqm


. (2.8)
Under the reduction,
rj = ±q∗j , j = 1, 2, · · · , m, (2.9)
the system (2.7) is expressed in a compact form,
iqt + qxx ∓ i|q|2qx = 0, (2.10)
with q being the vector,
q = (q1, q2, · · · , qm). (2.11)
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2.3 Conservation laws (type I)
We can construct an infinite number of conservation laws from the zero-curvature condition
and the Lax pair. If we set
Ψ = (v1, v2, · · · , vm+1)T , (2.12)
we have (m+1∑
j=1
Uijvjv
−1
i
)
t
=
(m+1∑
j=1
Vijvjv
−1
i
)
x
, (2.13)
and
(Ujj − Uii)vjv−1i = −
∑
k(6=j)
Ujkvkv
−1
i + (vjv
−1
i )x + vjv
−1
i
∑
k(6=i)
Uikvkv
−1
i , (2.14)
by virtue of (2.1) and (2.2). Introducing a new set of variables {Γj} by
Γj ≡ vj+1v−11 , j = 1, 2, · · · , m, (2.15)
we get from (2.13) and (2.14) with (2.8),
( m∑
j=1
qjΓj
)
t
=
(
ζ−1V11 + ζ
−1
m∑
j=1
V1j+1Γj
)
x
, (2.16)
and
qjΓj = − 1
2iζ
qjrj +
2i
(2iζ)2
qjΓj,x +
qjrj
(2iζ)2
m∑
k=1
qkΓk +
1
2iζ
qjΓj
m∑
k=1
qkΓk. (2.17)
(2.16) shows that
∑
j qjΓj is a generating function of conserved densities. We expand qjΓj as
qjΓj ≡
∞∑
l=1
1
(2iζ)2l−1
f
(l)
j , (2.18)
to get recursion formulas for the conserved densities,
f
(l)
j = −qjrjδl,1 + 2iqj(q−1j f (l−1)j )x +
l−1∑
n=2
f
(n)
j
m∑
k=1
f
(l−n)
k . (2.19)
For example, the followings are the first five conserved densities for the coupled Chen-Lee-Liu
I equations (2.7),
I1 =
∑
j
qjrj, (2.20a)
I2 = qjrl,x, ∀ j, l, (2.20b)
I3 = −4
∑
j
qj,xrj,x + i
∑
j
(qjrj,x − qj,xrj) ·
∑
k
qkrk, (2.20c)
I4 = −4i
∑
j
(qj,xrj,xx − qj,xxrj,x) + 8
∑
j
qj,xrj,x
∑
k
qkrk −
{∑
j
(qjrj,x − qj,xrj)
}2
+
{(∑
j
qjrj
)
x
}2
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−i∑
j
(qjrj,x − qj,xrj) ·
(∑
k
qkrk
)2
, (2.20d)
I5 = −16
∑
j
qj,xxrj,xx + 12i
∑
j
(qj,xrj,xx − qj,xxrj,x) ·
∑
k
qkrk − 4i
∑
j
(qjrj,x − qj,xrj) ·
(∑
k
qkrk
)
xx
+12i
∑
j
qj,xrj,x ·
∑
k
(qkrk,x − qk,xrk)− 12
∑
j
qj,xrj,x ·
(∑
k
qkrk
)2 − 3∑
j
qjrj ·
{(∑
k
qkrk
)
x
}2
+3
{∑
j
(qjrj,x − qj,xrj)
}2 ·∑
k
qkrk + i
∑
j
(qjrj,x − qj,xrj) ·
(∑
k
qkrk
)3
. (2.20e)
2.4 Coupled Chen-Lee-Liu equations (type II)
As another reduction of (2.5), we choose Q and R to be a column vector and a row vector
respectively,
Q = (q˜1, q˜2, · · · , q˜m)T , R = (r˜1, r˜2, · · · , r˜m). (2.21)
In this case, (2.5) reduces to
iq˜j,t + q˜j,xx − i
m∑
k=1
q˜k,xr˜k · q˜j = 0,
ir˜j,t − r˜j,xx − i
m∑
k=1
r˜k,xq˜k · r˜j = 0,
j = 1, 2, · · · , m. (2.22)
We call this system the coupled Chen-Lee-Liu II equations or, simply, the type II equations
in what follows. Hisakado proposed the coupled Chen-Lee-Liu II equations independently in
[20]. The Lax matrix U for (2.22) is given by
U =


−iζ2 ζq˜1
. . .
...
−iζ2 ζq˜m
ζr˜1 · · · ζr˜m iζ2 + i12
∑m
k=1 r˜kq˜k

 . (2.23)
The representation of the Lax pair is not unique. We can employ a different representation
of U for (2.22) as
U =


−iζ2 − i1
2
∑m
k=1 q˜kr˜k ζq˜1 · · · ζq˜m
ζr˜1 iζ
2
...
. . .
ζr˜m iζ
2

 . (2.24)
The difference in the structure of the Lax matrices (2.8) and (2.23) (or (2.24)) should be
noteworthy. We can calculate an infinite set of conservation laws for (2.22) in the same
manner as in section 2.3. The recursion relations for the conserved densities are
g
(l)
j = −qjrjδl,1 + 2iqj(q−1j g(l−1)j )x +
l−2∑
n=1
g
(n)
j
m∑
k=1
g
(l−n)
k , (2.25)
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which yield an infinite series of conserved densities
∑
l g
(l)
j . The first five conserved densities
are, for instance,
I˜1 =
∑
j
q˜j r˜j, (2.26a)
I˜2 = i
∑
j
(q˜j r˜j,x − q˜j,xr˜j), (2.26b)
I˜3 = −4
∑
j
q˜j,xr˜j,x + i
∑
j
(q˜j r˜j,x − q˜j,xr˜j) ·
∑
k
q˜kr˜k, (2.26c)
I˜4 = −4i
∑
j
(q˜j,xr˜j,xx − q˜j,xxr˜j,x) + 4
∑
j
q˜j,xr˜j,x
∑
k
q˜kr˜k − 2
{∑
j
(q˜j r˜j,x − q˜j,xr˜j)
}2
+ 2
{(∑
j
q˜j r˜j
)
x
}2
−i∑
j
(q˜j r˜j,x − q˜j,xr˜j) ·
(∑
k
q˜kr˜k
)2
, (2.26d)
I˜5 = −16
∑
j
q˜j,xxr˜j,xx + 4i
∑
j
(q˜j,xr˜j,xx − q˜j,xxr˜j,x) ·
∑
k
q˜kr˜k − 12i
∑
j
(q˜j r˜j,x − q˜j,xr˜j) ·
(∑
k
q˜kr˜k
)
xx
+20i
∑
j
q˜j,xr˜j,x ·
∑
k
(q˜kr˜k,x − q˜k,xr˜k)− 4
∑
j
q˜j,xr˜j,x ·
(∑
k
q˜kr˜k
)2 − 5∑
j
q˜j r˜j ·
{(∑
k
q˜kr˜k
)
x
}2
+5
{∑
j
(q˜j r˜j,x − q˜j,xr˜j)
}2 ·∑
k
q˜kr˜k + i
∑
j
(q˜j r˜j,x − q˜j,xr˜j) ·
(∑
k
q˜kr˜k
)3
. (2.26e)
It is interesting to compare (2.20b) and (2.26b): I˜2 is a conserved density only after taking a
summation with respect to the subscript j.
3 Gauge transformations
In this section, we investigate the structure of the Lax pairs given in the previous section
in connection with the AKNS formulation [21]. For this purpose, we introduce a gauge
transformation [3],
Ψ = gΦ, (3.1)
which changes the Lax matrices U , V into
U ′ = g−1Ug − g−1gx, (3.2a)
V ′ = g−1V g − g−1gt. (3.2b)
In the following, dependent variables are assumed to approach 0 as |x| → ∞ for convenience.
3.1 type I
In terms of {qj}, {rj} which satisfy (2.7), we introduce a new set of variables {uj}, {vj} by
uj = aqj exp
{
− i
2
∫ x
−∞
m∑
k=1
qkrkdx
′
}
,
vj = brj,x exp
{ i
2
∫ x
−∞
m∑
k=1
qkrkdx
′
}
,
j = 1, 2, · · · , m. (3.3)
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Here the constants a and b satisfy ab = −i/2. Using (3.3) and the first conservation law for
(2.7), we obtain
iuj,t+uj,xx−2
m∑
k=1
ukvk ·uj =
[
iqj,t+ qj,xx− i
m∑
k=1
qkrk · qj,x
]
a exp
{
− i
2
∫ x
−∞
m∑
k=1
qkrkdx
′
}
, (3.4a)
ivj,t − vj,xx + 2
m∑
k=1
vkuk · vj =
[
irj,t − rj,xx − i
m∑
k=1
rkqk · rj,x
]
x
b exp
{ i
2
∫ x
−∞
m∑
k=1
qkrkdx
′
}
. (3.4b)
Hence, we conclude that if {qj} and {rj} satisfy the coupled Chen-Lee-Liu I equations, {uj}
and {vj} satisfy the well-known coupled NLS equations,
iuj,t + uj,xx − 2
m∑
k=1
ukvk · uj = 0,
ivj,t − vj,xx + 2
m∑
k=1
vkuk · vj = 0,
j = 1, 2, · · · , m. (3.5)
By means of the transformation (3.3), the second conserved densities (2.20b) are cast into the
second conserved densities for (3.5),
I ′2 = ujvl, ∀ j, l. (3.6)
The Lax matrix for the coupled NLS equations (3.5) is obtained from (2.8) through a gauge
transformation,
g =


2ibζeK 0 · · · 0
−br1eK 1
...
. . .
−brmeK 1

 , K =
i
2
∫ x
−∞
m∑
k=1
qkrkdx
′, (3.7)
as
U ′ = g−1Ug − g−1gx
=


−iζ2 u1 · · · um
v1 iζ
2
...
. . .
vm iζ
2

 . (3.8)
We thus have shown that the scattering problem for the coupled Chen-Lee-Liu I equations
associated with (2.8) is gauge equivalent to sl (m+ 1) AKNS formulation.
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3.2 type II
Next, let us consider a gauge transformation of the Lax matrix for the coupled Chen-Lee-Liu
II equations. By virtue of a gauge transformation,
g =


2ibζ
. . .
2ibζ
−br˜1 · · · −br˜m 1

 , (3.9)
the Lax matrix (2.23) is cast into
U ′ = g−1Ug − g−1gx
=


−iζ2
. . .
−iζ2
iζ2

+


i1
2
q˜1r˜1 · · · i12 q˜1r˜m aq˜1
...
. . .
...
...
i1
2
q˜mr˜1 · · · i12 q˜mr˜m aq˜m
br˜1,x · · · br˜m,x 0

 , (3.10)
with ab = −i/2. It is noticed that there is no longer the spectral parameter ζ in the potential
part of U ′. We can easily eliminate dependent variables in the diagonal elements of U ′ by
a further transformation. Thus, the gauge-transformed Lax formulation is embedded in the
(m+ 1)× (m+ 1) matrix generalization of the AKNS formulation [22, 23].
4 Generalizations
In this section, we consider generalizations of the coupled Chen-Lee-Liu equations (type I &
II) via transformations of variables.
4.1 type I
We first transform the coupled Chen-Lee-Liu I equations into a system with cubic terms
without differentiation. Let us change independent and dependent variables by
T = t, X = x+
2β
α
t, (4.1)
qj =
√
αQj exp
{
−iβ
α
X + i
(β
α
)2
T
}
,
rj =
√
αRj exp
{
i
β
α
X − i
(β
α
)2
T
}
,
j = 1, 2, · · · , m. (4.2)
From (2.7), we get a system of equations,
iQj,T +Qj,XX − iα
m∑
k=1
QkRk ·Qj,X − β
m∑
k=1
QkRk ·Qj = 0,
iRj,T − Rj,XX − iα
m∑
k=1
RkQk · Rj,X + β
m∑
k=1
RkQk · Rj = 0,
j = 1, 2, · · · , m. (4.3)
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We further utilize a kind of gauge transformation,
φj = Qj exp
{
−2iδ
∫ X
−∞
m∑
k=1
QkRkdX
′
}
,
ψj = Rj exp
{
2iδ
∫ X
−∞
m∑
k=1
QkRkdX
′
}
,
j = 1, 2, · · · , m, (4.4)
and get an extension of (2.7),
iφj,T + φj,XX − β
m∑
k=1
φkψk · φj + 4iδ
m∑
k=1
φkψk,X · φj
+i(4δ − α)
m∑
k=1
φkψk · φj,X + δ(4δ + α)
( m∑
k=1
φkψk
)2
φj = 0,
iψj,T − ψj,XX + β
m∑
k=1
ψkφk · ψj + 4iδ
m∑
k=1
ψkφk,X · ψj
+i(4δ − α)
m∑
k=1
ψkφk · ψj,X − δ(4δ + α)
( m∑
k=1
ψkφk
)2
ψj = 0,
j = 1, 2, · · · , m. (4.5)
For a choice of 4δ + α = 0, the system reads
iφj,T + φj,XX − iα
m∑
k=1
φkψk,X · φj − 2iα
m∑
k=1
φkψk · φj,X − β
m∑
k=1
φkψk · φj = 0,
iψj,T − ψj,XX − iα
m∑
k=1
ψkφk,X · ψj − 2iα
m∑
k=1
ψkφk · ψj,X + β
m∑
k=1
ψkφk · ψj = 0,
j = 1, 2, · · · , m.
(4.6)
For m = 1, this is equivalent to the Kaup-Newell equation with a cubic term [24]. Thus, the
system (4.6) is interpreted as a new multi-field extension of the Kaup-Newell equation. We
can give the explicit expression of the corresponding Lax pair. For instance, the Lax matrix
for (4.6) with α = 1, β = 0 is given by
U =


−iζ2 + i1
2
∑m
k=1 φkψk ζφ1 ζφ2 · · · ζφm
ζψ1 iζ
2 + i1
2
ψ1φ1 i
1
2
ψ1φ2 · · · i12ψ1φm
ζψ2 i
1
2
ψ2φ1 iζ
2 + i1
2
ψ2φ2 · · · i12ψ2φm
...
...
...
. . .
...
ζψm i
1
2
ψmφ1 i
1
2
ψmφ2 · · · iζ2 + i12ψmφm


. (4.7)
4.2 type II
Following the same procedure as type I, we obtain a generalization of the coupled Chen-Lee-
Liu II equations (2.22). By a change of variables,
T = t, X = x+
2β
α
t, (4.8)
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q˜j =
√
αQ˜j exp
{
−iβ
α
X + i
(β
α
)2
T
}
,
r˜j =
√
αR˜j exp
{
i
β
α
X − i
(β
α
)2
T
}
,
j = 1, 2, · · · , m, (4.9)
we get a system of equations,
iQ˜j,T + Q˜j,XX − iα
m∑
k=1
Q˜k,XR˜k · Q˜j − β
m∑
k=1
Q˜kR˜k · Q˜j = 0,
iR˜j,T − R˜j,XX − iα
m∑
k=1
R˜k,XQ˜k · R˜j + β
m∑
k=1
R˜kQ˜k · R˜j = 0,
j = 1, 2, · · · , m. (4.10)
By virtue of a gauge transformation,
φ˜j = Q˜j exp
{
−2iδ
∫ X
−∞
m∑
k=1
Q˜kR˜kdX
′
}
,
ψ˜j = R˜j exp
{
2iδ
∫ X
−∞
m∑
k=1
Q˜kR˜kdX
′
}
,
j = 1, 2, · · · , m, (4.11)
we obtain
iφ˜j,T + φ˜j,XX − β
m∑
k=1
φ˜kψ˜k · φ˜j − iα
m∑
k=1
φ˜k,Xψ˜k · φ˜j + 4iδ
m∑
k=1
φ˜kψ˜k,X · φ˜j
+4iδ
m∑
k=1
φ˜kψ˜k · φ˜j,X + δ(4δ + α)
( m∑
k=1
φ˜kψ˜k
)2
φ˜j = 0,
iψ˜j,T − ψ˜j,XX + β
m∑
k=1
ψ˜kφ˜k · ψ˜j − iα
m∑
k=1
ψ˜k,Xφ˜k · ψ˜j + 4iδ
m∑
k=1
ψ˜kφ˜k,X · ψ˜j
+4iδ
m∑
k=1
ψ˜kφ˜k · ψ˜j,X − δ(4δ + α)
( m∑
k=1
ψ˜kφ˜k
)2
ψ˜j = 0,
j = 1, 2, · · · , m.
(4.12)
In case of 4δ + α = 0, the system essentially reduces to the well-known vector Kaup-Newell
system (1.3) in a slightly different notation,
iφ˜j,T + φ˜j,XX − iα
( m∑
k=1
φ˜kψ˜k · φ˜j
)
X
− β
m∑
k=1
φ˜kψ˜k · φ˜j = 0,
iψ˜j,T − ψ˜j,XX − iα
( m∑
k=1
ψ˜kφ˜k · ψ˜j
)
X
+ β
m∑
k=1
ψ˜kφ˜k · ψ˜j = 0,
j = 1, 2, · · · , m. (4.13)
This shows that the coupled Chen-Lee-Liu II equations are gauge equivalent to the vector
Kaup-Newell system. The Lax matrix for (4.13) with α = 1, β = 0 is given by [7, 12]
U =


−iζ2 ζφ˜1
. . .
...
−iζ2 ζφ˜m
ζψ˜1 · · · ζψ˜m iζ2

 . (4.14)
This can also be derived from (2.23) by means of a gauge transformation.
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5 Concluding remarks
In this Letter, we have presented a matrix formulation of the inverse scattering method (ISM)
and have found the two types of the coupled Chen-Lee-Liu equations, (2.7) and (2.22). As is
often the case with one-component soliton systems [7, 13, 15, 16, 17, 18, 19], the Chen-Lee-Liu
equation also has plural multi-field generalizations. Using the Lax pairs, the conservation laws
and the gauge transformations, we have studied the properties of the two types of the coupled
Chen-Lee-Liu equations. An important step to obtain the coupled derivative NLS equations
in our theory is the introduction of U by (2.3). The form of U seems unusual, because we more
or less assume trU to be a constant (often equal to 0) for soliton systems. The Lax pair is,
however, transformed into the well-known one for the coupled NLS equations (sl(m+1)AKNS
formulation), which is solvable by the ISM. The ISM for the coupled Chen-Lee-Liu I equations
(2.7) will be reported in detail in a separate paper.
In the two-component case, the coupled Chen-Lee-Liu equations (type I & II) and the
related models maybe have physical significances. They may describe wave propagations in
birefringent optical fibers with nonlinear effects such as the Raman scattering and the Kerr
effect.
The coupled Chen-Lee-Liu equations reported in this Letter have an infinite number of con-
servation laws and are completely integrable. We can construct other flows of the hierarchies
by employing corresponding time-dependences of the scattering problems (ζ-dependences of
the Lax matrix V ). These flows have in common the conserved densities for the original flows.
Expanding the matrix V from O(ζ6) to O(1), we get
qj,t +
1
2
qj,xxx − i3
4
(∑
k
qk,xrkqj,x +
∑
k
qkrkqj,xx
)
− 3
8
(∑
k
qkrk
)2
qj,x = 0,
rj,t +
1
2
rj,xxx + i
3
4
(∑
k
rk,xqkrj,x +
∑
k
rkqkrj,xx
)
− 3
8
(∑
k
rkqk
)2
rj,x = 0,
(5.1)
for the coupled Chen-Lee-Liu I hierarchy (cf. (2.8)), and
q˜j,t +
1
2
q˜j,xxx − i3
4
(∑
k
q˜k,xr˜kq˜j,x +
∑
k
q˜k,xxr˜kq˜j
)
− 3
8
∑
k
q˜kr˜k
∑
l
q˜l,xr˜lq˜j = 0,
r˜j,t +
1
2
r˜j,xxx + i
3
4
(∑
k
r˜k,xq˜kr˜j,x +
∑
k
r˜k,xxq˜kr˜j
)
− 3
8
∑
k
r˜kq˜k
∑
l
r˜l,xq˜lr˜j = 0,
(5.2)
for the coupled Chen-Lee-Liu II hierarchy (cf. (2.23)).
On the other hand, by expanding V from O(ζ−2) to O(1), we obtain coupled versions of
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the massive Thirring model in a light-cone frame [25],
qj,t − 2iϕj − i1
2
∑
k
ϕkσkqj = 0,
rj,t + 2iσj + i
1
2
∑
k
σkϕkrj = 0,
ϕj,x + 2iqj + i
1
2
∑
k
ϕkrkqj = 0,
σj,x − 2irj − i1
2
∑
k
σkqkrj = 0,
(5.3)
for the coupled Chen-Lee-Liu I hierarchy, and
q˜j,t − 2iϕ˜j − i1
2
∑
k
q˜kσ˜kϕ˜j = 0,
r˜j,t + 2iσ˜j + i
1
2
∑
k
r˜kϕ˜kσ˜j = 0,
ϕ˜j,x + 2iq˜j + i
1
2
∑
k
q˜kr˜kϕ˜j = 0,
σ˜j,x − 2ir˜j − i1
2
∑
k
r˜kq˜kσ˜j = 0,
(5.4)
for the coupled Chen-Lee-Liu II hierarchy. Here, the explicit form of V is expressed as
V = iζ−2
[
I
−I
]
+ ζ−1
[
ϕ
σ
]
+ i
[
1
2
ϕσ
O
]
. (5.5)
ϕj (ϕ˜j) and σj (σ˜j) are components of a row (column) vector ϕ and a column (row) vector σ
for the system (5.3) ((5.4)) respectively. By a simple change of variables such as t↔ x, (5.3)
and (5.4) are mutually transformed into the other. The split into two different systems is not
essential at the level of these flows.
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